Abstract-This paper studies a cognitive two-way relay network in which multiple pairs of secondary users (SUs) exchange information with the help of multiple relays. We propose a distributed power control and beamforming algorithm that enables the users operating in the underlay mode to strategically adapt their power levels, and maximize their own utilities subject to the primary user (PU) interference constraint, as well as its own resource and target signal-tointerference-and-noise-ratio (SINR) constraints. The strategic competition among multiple decision makers is modeled as a noncooperative game where each secondary user (SU) acts selfishly in the sense of maximizing its own utility. An adaptive method is proposed to determine appropriate pricing function. The problem of beamforming optimization under amplify-and-forward (AF) protocol is addressed as a generalized eigenvalue problem with respect to the utility function of SUs. The existence of a unique Nash equilibrium (NE) is proved and several numerical simulations are conducted to quantify the effect of various system parameters on the performance of the proposed method.
Introduction
Cognitive Radio (CR), as a promising technological solution to the spectrum under-utilization problem, is becoming increasingly important as demand for various wireless applications and services rises. Protection of primary users (PUs) from indicted interference induced by the secondary users (SUs) and, in the meantime, improvement of the network utility of the SUs, thus remains the difficult challenge in CR network. These constraints will lead to the limiting of the allowed transmit power of SUs and consequently the throughput of SUs. To overcome this limitation, transmit power adaptation in SUs or benefiting from other degrees of freedom such as beamforming is used in order to guarantee the quality of service (QoS) of primary user (PU) while enhancing their own performance [1] .
A quick look at the literature reveals that the issue of optimal distributed beamforming for an underlay cognitive two-way relay network has not been adequately attended to. Advantages like enhancement in link reliability and quality together with coverage increase can be provided by relay-assisted wireless communication techniques [2] . In [3] , an interference mitigating AF relay beamforming algorithm and signal-to-interference-and-noise-ratio (SINR) balancing with imperfect channel state information is demonstrated as well. In [4] , noncooperative game theory is utilized to model the relay selection and discrete power control problem. The authors in [5] deal with cooperative two-way relaying networks in which the performance of transmission protocols with different number of time slots are scrutinized. Optimizing the beamforming weights in an overlay spectrum sharing strategy is done through convex optimization techniques in [6] . Nonetheless, high computational complexity works to the disadvantage of these methods and tools. In [7] , the issue of system capacity enhancement of the secondary network in multiantenna cognitive two-way relaying systems under constraints on interference received by the primary receiver has been the subject of much investigation. In [3] , the optimal beamforming weights have been achieved by iterative semi-definite programing in a cognitive two-way relaying network. This process aims at mitigating the interference at the active PU receiver with SUs' SINR constraints. It must be pointed out that in all the previously mentioned studies only one coexisting PU with the SUs is taken into consideration.
The main contributions of this paper are as follows: (i) we address the problem of power control and joint beamforming for cognitive two-way multi-user multi-relay networks that are modeled as a non-cooperative game and study the Nash equilibrium point (NEP) with respect to the network utility maximization (NUM); (ii) we propose a beamforming algorithm using generalized eigenvalue solution in order to improve the QoS of SUs in terms of SINR; (iii) due to incomplete information the relay has about the users, we propose a novel distributed pricing algorithm which enforces each selfish SU to make an efficient decision in a global sense.
System Model
Consider a CR network in which a secondary network consists of K pairs of SUs communicating with each other through L cognitive relay stations as shown in Fig. 1 . The primary and secondary nodes are equipped with single antenna each. In the considered scenario, a pair of PUs is considered for the sake of simplicity of presentation and the model can be straightforwardly generalized to more than one primary link. The spectrum underlay scheme is considered in this work where secondary network and primary network operate concurrently in the same frequency band. In this paper, the channels between transmitters and receivers are represented by a frequency flat Rayleigh fading model with additive white Gaussian noise (AWGN). The zero-mean complex AWGN at every node is assumed to have N 0 variance. Two time slots are required for the communication occurring between the two transceiver nodes. In the first time slot, signals are concurrently transmitted by SUs to the relay stations. In the second time slot, the processed signals are transmitted to all SUs. Assume without loss of generality that, SU 2i−1 and SU 2i , i ∈ [1, K] are a pair of secondary transceiver who are willing to have mutual communication. In multiple access phase, SUs transmit signal to relay stations, the received signal at the n-th relay station is given by
where p k and s k denote the transmit power and transmit symbol of the k-th secondary user (SU), respectively, h k,n denotes the channel vector from SU k to the n-th relay, α n is the interference from the PU transmitter and μ n models additive noise at the n-th relay; its entries are assumed to be independent and identically distributed zero mean Gaussian with variance σ μn . We assume that E{|s k | 2 } = 1 . Due to secondary spectrum reuse, active PUs may encounter interference caused by SUs. The interference signal at the m-th primary receiver generated by the SUs can be expressed as
where g k,m denotes the channel vector from SU k to the m-th PU, ν 1,m is the additive noise with zero mean and variance σ 2 . To guarantee protection against interference to PUs, the SUs must maintain a predetermined interference threshold toward the PUs, i.e., the interference at the PU m need to be kept below a certain threshold. This can be expressed by writing
In the second phase, each relay amplifies the so-obtained signal in the first phase by a complex number and then forwards it to the destinations. After self-interference elimination, the amplified received signal at SU 2i−1 and
whereî=2i,î=2i−1 for SU 2i andî=2i−1,î=2i for SU 2i−1 . We use f n ∈ C to denote the amplification factor of the n-th relay, ν 2i and ν 2i−1 are the aggregate interferences of PUs to the SU 2i−1 and SU 2i , respectively, and υ 2i−1 and υ 2i are the statistically independent AWGN terms at SU 2i−1 and SU 2i , respectively. The transmit power of the n-th relay can be expressed as
After some manipulation, it can he shown that the amplification factor is given by
Hence, the SINR at SU 2i−1 and SU 2i are represented as following:
whereî=2i,î=2i−1 for SU 2i andî=2i−1,î=2i for SU 2i−1 . Therefore, the achievable rate of user i is
where the scaling factor 1/2 comes from the fact that the bidirectional transmission is performed into two time slots and p −k denotes the set of actions of all the users except for user k. Due to the space limitation, in the rest of the paper only equations for even-numbered nodes are presented.
Game Formulation
The strategic competition among multiple decision makers can be analyzed as a noncooperative game where every SU acts as a player in the game and shows a selfish attitude in the direction of maximizing its utility. A game where each SU iteratively sets its power under the primary user's QoS constraints is accounted for here. The general form of the game is represented as follow:
in which N ={1, 2, . . . , 2K} represents set of players,
is the action space that is the possible power levels a SU has at each iteration and u k is the utility function of the k-th user which will be elaborated in the following sequel. The SINR as an objective function is concave and generally on the rise [8] . Achievable rate of R k (p k ; p −k ) is used as the user's utility function which proves to be a specific instance, suggesting broader insights about pricing algorithms. Hence, for all secondary users' transmit power vectors but the k-th user represented by p −k and the pricing function, utility function for SU k can be given by:
where the first term
is the achievable rate of user i, and b k p k g k,m ω k 2 is the penalized price due to causing interference to PU. In this process, solving the following optimization problem results in achieving transmit power level for each SU.
where C 1 , C 2 , are the power constraints of SU k , C 3 is the interference constraint imposed on SU k by the PU m to prevent secondary system from causing severe interference to PUs, C 4 is to guarantee the minimum desired SINRs of SU k . The pricing function coefficient needs to be adjusted such that each selfish SU leads to efficient decision making in a global sense. In doing so, A network utility maximization (NUM) counterpart of our game problem can, therefore, be expressed as the following optimization problem:
Definition: In non-cooperative games, A power vector for the users comprises a NE if any unilateral change of strategy by each user does not increase its net utility u k (p k ; p −k ) while the other users keep their strategies unchanged. In this problem, a NE is defined as follows
At NEP, power vector of all users describes a steady state condition of our game problem (8) . Since our aim is optimal power allocation in overall welfare schema, Karush-Kuhn-Tucker (KKT) condition, in a general case, is applied to (13) and (19) to derive the so-called pricing function coefficient b k . The classical Lagrangian function is formed by appending constraints C 1 to C 4 to the modified utility function. The corresponding Lagrangian function is written by
where β 1,k , β 2,k , β 3,k , β 4,k are positive Lagrange multipliers associated with constraints in C 1 to C 4 . The KKT condition is obtained by setting derivatives of the Lagrangian with respect to p k to zero. This gives
The Lagrangian function of the NUM problem can be written in similar way:
Taking the derivatives of (19) with respect to p k yields the second KKT condition:
The value of b k can be obtained by substituting (14) into (20),
The optimal transmit power of SU k in response to the transmit powers of other SUs is represented by the best response (BR) in step 3 of the algorithm. Beamforming problem is modeled as a generalized eigenvalue problem which is used to maximize the SINR while considering pricing factor. The optimum beamforming weights are derived when ω k is the maximum eigenvector of matrix
The generalized eigenvalue problem is defined as follow:
where
are positive definite. This optimization problem will be solved in the second stage of the algorithm.
Existence of NE
Regarding fundamental game theory, one NEP can be accepted by the non-cooperative game on the condition that for all k ∈ [1, 2K]: 1) The possible set a k = {p k , ω k } is a nonempty compact convex subset of a Euclidean space.
2) The utility function u k is continuous and quasiconcave on a k = {p k , ω k } . Clearly, the possible set a k = {p k , ω k } is convex and non-empty making the first condition be satisfied. Since utility function proves to be continuous in strategy space a k = {p k , ω k }, it will be affirmed only as a quasi-concave function. Since
0 exist it will be straightforward to check that the following inequalities hold at every p k and |ω k | 2 :
As a result, all the needed conditions for at least one NE to exist, will be satisfied by utility function of SUs.
Uniqueness of NE
For proving the uniqueness of the NE, BR k (p k ) as the best response function requires to be a standard function, if the following properties are fulfilled [9] :
Positivity: In order to guarantee that the system is working normally, the positivity condition must be satisfied by the best response function.
Consequently the monotonicity condition is met. Scalability: for all μ > 1, we havé
In order to maintain the feasibility of the solution, the following condition (using positivity requirement) must be fulfilled:
Algorithm 1: Power control and Beamforming initialize: For each k ∈ [1, 2K] update power
Sett =t + 1 5: untilt =t 0 +t max 6: Set t = t + 1
Stage two:
for k ∈ {1, ..., 2K} do 12:
end for if {ω
if {ω
end if 19: 
Distributed Algorithm Design
In many solutions, the secondary system may not always guarantee both PU interference constraint and minimum required SINR constraints of SUs. As PUs require a mechanism to provide strict protection, this is not eligible. To handle this issue, distributed algorithm for solving optimal power control and beamforming optimization problem is proposed. The algorithm is described in Table I , where
The iterative algorithm using generalized eigenvalue solution and best response strategy jointly updates the values of power vector p k , pricing function coefficient b k and beamforming vectors ω k over two-stage game and converges to the optimal value of p The proposed algorithm requires only the knowledge of the second order statistics of the channel coefficients between source and relay, between relay and the destination, between relay and the primary receiver. Thus, the amount of signaling flown in this distributed algorithm is not significant compared with that of centralized system flows. It can therefore be shown that it is appropriate to be implemented efficiently in a distributed manner. In stage two, after all of the secondary transmitting powers have been computed in stage one, the optimal beamforming weights are derived using generalized eigenvalue technique. Here, ω k is chosen in a way that ω k 2 = 1. These steps are repeated until convergence criterion is achieved. It could be easily shown that by giving higher weights to b k , QoS requirement of SUs might not be met whereas by setting it too small, PUs' constraint might be violated. However, allowing such SUs to operate in very low SINR may lead to degradation of power allocation performance. To surmount these two problems, adaptive update method is applied to calculate appropriate coefficient values for b k in step 2 and in step 24, conditional statement is considered to avoid the problem of power wastage.
Convergence of the algorithm
independently of the details of the initial values used. In order to get the fixed point of (22), the algorithm can be into effect. If it is assumed that the power is allocated to the SUs synchronously, then it can be said that the process of stage one is a power allocation game with a matching utility function, as the best response of utility function equals the allocation strategy of each SU, therefore assuring the convergence in stage one. In beamforming stage, the proof follows from a penalized version of generalized eigenvalue problem in [10] . The updates regarding transmit power levels and beamforming weights can lead to objective function increase in the algorithm. In other words the following can be satisfied by the utility function:
The suboptimal optimization of p k and ω k are achieved by alternate updating the power levels and beamforming weights.
Numerical Results
In this section, we first verify the assurance of mechanism that protects critical interference threshold for primary system reliability and we investigate and compare the proposed pricing scheme and beamforming algorithm based on average rate of SUs and PU activity factor in several scenarios. Then we evaluate the impact of channel gains on the performance of the proposed distributed algorithm. Further, we provide simulation results on convergence property.
All channel coefficients comprises of path loss and small scale fading components. The small scale fading is assumed to be modeled by a multiplicative attenuation (i.e. Rayleigh-distributed random variables) with no frequency dependence that remains unchanged during each transmission period. The path loss exponent is set to 4. We consider scenarios with K = 2, 3 pairs of SUs and N = 1, 3 relays and also a pair of PUs in a CR network. Without loss of generality, we assume that the noise power at destinations and the relays are equal. We set the system parameters as follows: The noise power as −110dBm, minimum required SINR as 8dB, the power range of each SU is [0.001, 5]W , the power range of PUs is considered as 10W , the Interference at the primary receiver must be less than 0dBm. Since some parameters are random variables, the average result throughout the simulation is used in evaluations. We made iterations for 10 5 channel realizations. Fig. 2 demonstrates that, regardless of the number of users, the algorithm leads to an interference level that is lower than the predetermined threshold. The explanation for this is that a large penalty is associated with violating the primary users' constraint. The induced interference at PUs increase as there are more users competing for relays. From Fig. 2 we can see that the gap between the interference ratio obtained by the stage one only and that obtained by the joint power control and beamforming algorithm varies less when the number of SUs is small. This is so because beamforming effect is reduced in proportion to the smaller number of users present in the network. Fig. 3 demonstrates the performance comparison of the proposed algorithm as it is applied under the presence of increasing channel occupancy probability of PUs (i.e. known as activity factor). This characterize the impact of primary noise on the secondary system. The average rates achieved by employing the proposed algorithm with N = 3 relays and the one employing only stage one with single relay. As observed, when there are more relays for cooperation, the proposed algorithm achieves higher average rate. An interesting result, seen in Fig.  3 , is that the beamforming effect cause less performance degradation for SUs in multi-relay network scenario than in single relay network. This is due to the fact that in single relay scenario, the heavy interference caused by PUs limits the achievable rate while in multi-relay scenario, in addition to satisfying the interference constraint by proposed power adaption scheme in stage one, beamforming technique associated with SINR optimization is utilized as an efficient technique for improving the average rate of SUs. As theoretically expected from Eq. (10), the average sum rate, which is defined as the sum of the user utilities, increases as the channel conditions improve. Fig.  4 illustrates that the performance gain obtained through use of the joint power control and beamforming algorithm is significant compared to the differentiated and optimal uniform pricing schemes in [11] . As seen from the figure, the proposed algorithm generates the maximum average sum rate at the expense of slightly increased computational complexity. In other words, by penalizing the utility function for possible constraint violations and beamforming for QoS provisioning, the proposed algorithm outperforms the referenced schemes. Fig. 5 shows the convergence of the beamforming weights to optimal values of the generalized eigenvalue problem when the initial value of the beamforming vector is set to 1.
Conclusion
A cognitive two-way network where multiple pairs of SUs trade information with the assistance of multiple relays was studied in this paper. A distributed power control and beamforming algorithm were proposed which enabled the users to strategically adapt their power levels to maximize their own utilities. Strategic competition of multiple users was modeled as a noncooperative game in which each SU strives to selfishly maximize its own utility. With regard to utility function of SUs, the problem of beamforming was addressed as a generalized eigenvalue problem. The properties of Nash equilibrium i.e. existence and uniqueness were proved. Numerical simulations were conducted to compare the performance of the algorithm with and without beamforming scheme. The results of simulations also showed that the proposed schemes can well support QoS guarantees for PUs and maintain high throughput for SUs at the same time.
